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Key Points:

« Buoyancy anomalies generated by ocean mixed layer eddies can be diagnosed through
spatial filtering of sea surface height.

e Sea surface height gradient can be used to parameterize the vertical eddy buoy-
ancy flux in the mixed layer.

¢ Mixed layer depth and vertical heat flux can be estimated from surface-observable
quantities.
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Abstract

Submesoscale dynamics strongly influence the upper ocean, regulating mixing, air—sea
exchange, and vertical heat transport. The recent SWOT mission provides unprecedented
high-resolution observations of sea surface height (SSH), yet linking these surface mea-
surements to subsurface ocean dynamics remains challenging. We develop a theoretical
framework for diagnosing key mixed layer properties from surface-observable states. We
show that horizontal density anomalies induced by mixed-layer eddies produce surface
imprints that can be effectively captured by spatially filtered SSH. The filtered SSH is
integrated into the Mixed Layer Eddy parameterization to infer the effects of submesoscale
restratification. A potential energy budget accounting for the mixing-restratification com-
petition in the mixed layer is diagnosed from surface buoyancy flux, wind stress, and the
SSH gradient, enabling reconstruction of the mixed-layer depth. Vertical eddy heat flux
can be further reconstructed from the SSH gradient. This framework offers a promis-

ing approach for diagnosing interior submesoscale processes using surface observations.

Plain Language Summary

Ocean submesoscale flows, occurring at scales of roughly 1-30 km, are crucial for
moving heat, carbon, and other materials vertically in the upper ocean. These flows af-
fect how the ocean mixes and how it exchanges heat and gases with the atmosphere. Be-
cause direct observations are difficult and expensive, much of the subsurface ocean re-
mains largely unexplored. The recently launched Surface Water and Ocean Topography
(SWOT) satellite provides exceptionally detailed measurements of sea surface height. How-
ever, it is still challenging to use these observations to understand what is happening be-
neath the ocean’s surface. This study reduced the gap by developing a theoretical frame-
work that uses surface information to reveal important details about the subsurface, such
as how deep the mixed layer is and how heat moves up and down. Submesoscale mixed-
layer eddies—swirling motions in the well-mixed surface layer—are known to generate
signals that can be detected from variations in sea surface height. By applying a spa-
tial filter to remove large-scale signals, the surface signals created by these eddies can
be used to reconstruct mixed layer depth and vertical heat flux. This method provides
a practical way to estimate subsurface changes from surface states and can be applied
to future observations.

1 Introduction

Submesoscale dynamics in the ocean mixed layer (ML) play a crucial role in reg-
ulating global heat and carbon uptake (Su et al., 2018; Guo et al., 2024), primary pro-
ductivity (Mahadevan, 2016), and energy transfer (Taylor & Thompson, 2023; Srinivasan
et al., 2023; Buckingham et al., 2019). Submesoscale fronts, characterized by strong hor-
izontal density gradients, are typically driven by large-scale convergent flow (McWilliams,
2019; Yu et al., 2024). These fronts are often susceptible to baroclinic instability (Boccaletti
et al., 2007), which gives rise to submesoscale eddies in the ML. Through slumping denser
water beneath lighter water, the submesoscale eddies tilt isopycnals and act to restrat-
ify the ML (Fox-Kemper et al., 2008; Fox-Kemper & Ferrari, 2008). In addition, obser-
vations indicate that submesoscale eddies contribute substantially to upward vertical heat
transport (Torres et al., 2025; Siegelman et al., 2020).

However, the dynamics and impacts of ML eddies are not fully understood. De-
spite the importance of submesoscale processes in the ML, fully resolving them requires
a very high model resolution (Taylor & Thompson, 2023), resulting in substantial com-
putational cost that limits both the duration and horizontal extent of numerical simu-
lations. Moreover, although satellite observations (e.g., sea surface temperature and salin-
ity) and in situ measurements (e.g., regional field campaigns and autonomous underwa-
ter vehicles) provide valuable insights into upper-ocean variability, their limited spatial
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and temporal coverage hinders a comprehensive dynamical understanding of ML pro-
cesses. The recent launch of the Surface Water and Ocean Topography (SWOT) satel-
lite now enables global observations of high-resolution sea surface height (SSH), reveal-
ing ubiquitous submesoscale variability (Archer et al., 2025; X. Zhang & Callies, 2025;

Z. Zhang et al., 2024). However, a critical gap remains in linking satellite observations
to subsurface dynamics, in spite of recent efforts based on idealized theoretical models
such as the surface quasi-geostrophic theory (Carli et al., 2024; Du et al., 2025; Y. Zhang
et al., 2025). Closing this gap would enable global diagnosis of ML processes from sur-
face observations, which would be extremely valuable.

In this study, we develop a physically grounded framework to infer mixed layer depth
(MLD) and vertical heat flux from surface-observable variables.

2 Key characteristics of submesoscale eddies in the Icelandic Basin

To demonstrate the applicability of the developed method, we select the Icelandic
Basin as the test region, where previous observations indicate pronounced submesoscale
activity, particularly during the spring restratification period (Johnson et al., 2016; Ma-
hadevan et al., 2012). We use output from LLC4320, a 1/48° global ocean-sea ice sim-
ulation based on the MIT General Circulation Model (Marshall, Adcroft, et al., 1997;
Marshall, Hill, et al., 1997), which has been widely used to investigate submesoscale dy-
namics (Su et al., 2018; Siegelman, 2020; Khatri et al., 2021). The model has vertical
resolution ranging from 1.0m to 41.5m in the upper 800 m, and mean horizontal spac-
ing of 1.13km in the selected region. For details of the model configuration, we refer the
reader to Gallmeier et al. (2023).

Fig. 1(a) shows the location of the domain. From late November to early March,
a strong net surface buoyancy flux, dominated by surface cooling, drives deepening of
the ML base (Fig. 1b). During spring (March to May), the ML re-stratifies, as indicated
by shoaling of the ML and increased ML stratification. In summer, surface heating main-
tains a shallow ML throughout the season. Fig. 1(c)—(h) show the surface vorticity (,
strain rate o, and horizontal divergence A, which are commonly used to quantify the in-
tensity of submesoscale motions (Balwada et al., 2021), where

¢ = vy —uy, J:\/(ui—v§)2+(vg+u;)27 A = up + vy, (1)

the superscripts -* denote surface fields, and the subscripts represent partial derivatives.
Each field is normalized by the domain-averaged Coriolis parameter fy = 1.27x107%s7 1.
Surface eddy activity exhibits strong seasonality in this region, with pronounced sub-
mesoscale activity in winter and spring, and weaker mesoscale eddies during summer and
autumn.

Baroclinic instability of submesoscale fronts in the ML generates submesoscale ed-
dies (Boccaletti et al., 2007), which induce overturning circulations that adiabatically
slump the fronts (Fox-Kemper et al., 2008), converting horizontal density gradients into
vertical stratification. Therefore, the agreement between horizontal and vertical Turner
angles can be used to identify periods when frontal slumping by these eddies dominates
the ML restratification, as the Turner angles quantify the relative contributions of tem-
perature and salinity to density (Johnson et al., 2016). Assuming a linear equation of
state, the potential density can be approximated as

p=po|l—ad—0)+B(S— S|, (2)

where « is the thermal expansion coefficient, 3 is the haline contraction coefficient,
is the reference temperature, and Sy is the reference salinity. Following Johnson et al.
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Figure 1. (a) Seafloor bathymetry with the Icelandic Basin highlighted by a black dashed box

(27°W-17.5°W, 57.9°N-62.3°N). (b) Timeseries of the domain-averaged net surface buoyancy

input (gray), vertical position of the ML base (equal to —(H)) (black), mean stratification aver-
aged over 50%-90% of the MLD (green), and percentage of Turner angle differences less than 10°
(blue). (c-h) Daily-averaged surface vorticity, strain rate, and horizontal divergence normalized
by the Coriolis parameter, for early spring (c-e; Mar 13th, 2012) and late summer (f-h; Aug 27th,
2012).
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(2016), we define the horizontal and vertical Turner angles as

B ad,0°® + B0,S° B ad,0 + 0,5
Tuy, = arctan {a@rﬂs — B@nSS} ,  Tu, = arctan {aazﬂ — ﬁ@zS] , (3)
where
Vip
Vaol " W

denotes the horizontal cross-isopycnal gradient, and V}, = (9,, 0,) represents the hor-
izontal gradient operator. We quantify the agreement between the horizontal and ver-
tical Turner angles using the percentage of the absolute Turner angle difference less than
10°. As shown in Fig. 1(b), the two Turner angles agree relatively well during winter and
early spring (January—April), indicating the prevalence of submesoscale fronts and sug-
gesting that ML restratification in early spring largely results from frontal slumping, con-
sistent with observations by Johnson et al. (2016).

3 Diagnosing mixed layer steric height from submesoscale SSH

We hypothesize that ML eddies imprint detectable signatures on SSH at subme-
soscale wavelengths. This hypothesis is motivated by previous findings that vertically
integrating the global in-situ density anomaly over the upper 2,000 m of the ocean yields
a steric height estimate that closely tracks variations in SSH (Delman, 2025). Such an
approach primarily captures large-scale circulation and mesoscale eddies, which can ex-
tend into the deep ocean. In addition, Wang et al. (2025) show that in the California
current region, the SSH anomaly captured by SWOT, which resolves submesoscale vari-
ability, closely matches the steric height anomaly derived from mooring measurements
in the upper 500 m after removing barometric and barotropic effects (their Fig. 2). Be-
low, we adopt a similar approach but consider only the density variations within the ML.
We examine whether variations in ML steric height can be inferred from SSH anoma-
lies, provided that the contributions from large-scale circulation and mesoscale eddies
are filtered out.

We define the MLD as the depth at which the potential density exceeds the sur-
face density by a criterion of Ap = 0.03kg/m?. By definition, destruction of stratifi-
cation in the mixed layer (e.g., by increased mixing) is inversely related to the deepen-
ing of the mixed layer, i.e.,

gAp 1
9.0 ==L~ 5
: po H’ (5)
where b = —g(p — po)/po is buoyancy, p is potential density, po = 1027.5kg/m? is the
reference density, g = 9.81m/s? is the gravitational acceleration, H is the MLD, and

the overline ~* denotes ML averages

~Z:I;/_OH-dz. (6)

This definition of MLD differs slightly from the canonical one (de Boyer Montégut et al.,
2004; Treguier et al., 2023), which uses 10m depth as a reference level to reduce the in-
fluence of diurnal warming/cooling on MLD estimates. After removing the diurnal cy-

cle by taking daily averages, we find that the two definitions produce nearly identical domain-

averaged MLD (Fig. S1). When computing ML averages, we additionally exclude regions
where the MLD is shallower than 10m in all analysis. Note that, after taking domain
averages, the results are not sensitive to either the definition of the MLD, or the exclu-
sion of regions with H < 10 m.
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3.1 Mixed layer steric height
We define the ML steric height as the vertical integral of the in-situ density anomaly
over the ML following Eq. 1 of Wang et al. (2025).

1 0
pin situd’z’ (7)

TNsteric = ——
Po J—(H)

where the angle brackets (-) denote horizontal average over the domain of interest, the
in-situ density anomaly is defined as the departure from the domain-averaged value

1 Ly Ly
! ;i — Pinsitu — in situ/ )= ~dxd ) 8
Pin situ P t <p t > < > LmLy /O /0 €xray ( )

and L, and L, denote the horizontal domain sizes.

Fig. 2 shows the SSH anomaly (a) and 7steric (b). Because the ML is deeper in the
northwest of the domain and shallower in the southeast, integrating density anomalies
from the domain-averaged ML base produces higher 7steric in the southeast. This, how-
ever, does not affect our results, as our analysis focuses on the gradient of 7steric, which
is dominated by small-scale local density variations. We retain the definition of 7steric
using the domain-averaged MLD for three reasons: (i) it has negligible impact on the
gradient magnitudes, (ii) it yields a simpler form for the ML eddy parameterization us-
ing steric height; and (iii) it aligns better with the eddy parameterizations employed in
coarse-resolution climate models, where small-scale variations in the MLD are not re-
solved.

We assume that, once internal waves are temporally filtered out in the daily av-
erages, the horizontal gradient of ML steric height is dominated by the variations in tem-
perature and salinity, rather than pressure. Under this assumption, the effects of hor-
izontal pressure gradients in the ML are small, such that the horizontal gradient of the
in-situ density pi, situ can be approximated by that of the potential density p. There-
fore, the horizontal gradient of the ML steric height can be approximated as

1 /O 1 /O 1— l—
v}‘Ll”lsteric = _7/ vhpi/nsitu dz ~ _7/ Vhde ~ _*Vhp <H> = *Vth<H>,
Po J—(H) Po J—(H) Po 9 (©)
9

which shows that Vjnsteric scales with the ML-averaged horizontal buoyancy gradient
multiplied by the domain-averaged MLD.

In the following analysis, we apply a mesoscale filter that effectively removes large-
scale pressure anomalies. As a result, our method is likely insensitive to large-scale pres-
sure anomalies at depth, even when internal waves cannot be removed through daily av-
eraging (e.g., when applied to the SWOT data).

3.2 Submesoscale sea surface height anomaly

In order to isolate the signal associated with submesoscale eddies, we apply a Gaus-
sian filter to SSH to remove the large-scale flow, including mesoscale eddies, following
Uchida et al. (2022). To account for the seasonal variability of ML eddy scales, this Gaus-
sian filter scale is determined by the time-varying wavelength of the most unstable ML-
instability mode (Stone, 1970):

2w —1
AMLI = ﬁLd\/ 1+ Riy, -, (10)

where Ly = N H /f is the ML radius of deformation, N = 1/0,b is the buoyancy fre-

————hm, 2z
quency, f is the Coriolis parameter, Ri, = N2f2/|V;b[? is the balanced Richard-
son number, with =" # denoting the harmonic mean in the vertical direction to em-
phasize the influence of small local Richardson numbers. In this region, Ay peaks in
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Daily-averaged (a) SSH anomaly, (b) ML steric height, and (c) submesoscale SSH

anomaly on Feb 15th, 2012. (d-f): Gradient magnitude of the first row, normalized by fo/g to

obtain the unit of velocity (m/s). (g-i): Laplacian of the first row, normalized by fZ/g to obtain

the Rossby number (dimensionless). (j) Timeseries of daily- and domain-averaged gradient mag-

nitude of ML steric height (brown) and submesoscale SSH (green), along with the wavelength of
the most unstable ML instability mode Amw1 (black).
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winter and early spring, and reaches its seasonal minimum during summer (Figs. 2j and
S2, Text S2), consistent with Dong et al. (2020).

We filter the SSH field at the scale Ly = 0.8(Awmp1) (hereafter referred to as the
submesoscale SSH). The factor 0.8 is chosen so that the resulting submesoscale SSH is
better aligned with the steric height.

1 (@—2")2+(y—y")?
2052

Ly pLy
nsubmeso(m7y7t) = 77/(37,2/7t) - / / 77/($l>y/,t)2 267 dx/dy/a (11)
0 0 o

where ' = n— (n) is the SSH anomaly, Ly is prescribed as the Gaussian full width

at half maximum, and ¢ = Lyr1/(2v21n2) is the corresponding standard deviation.

Fig. 2(b—c) shows some mismatch between submesoscale SSH and ML steric height, aris-
ing because the definition of 7gteric neglects horizontal variations in MLD (Text S1). How-
ever, this has negligible impact on the gradients.

Fig. 2(c—d) shows that the horizontal gradient of submesoscale SSH closely matches
that of the ML steric height:
vh77subrneso ~ vh”?steric~ (12)

The results remain robust when a constant filter scale is used for ¢ in place of the time-
varying scale Ly, particularly during seasons of pronounced submesoscale activity (Fig. S3,
Text S3). The Rossby number estimated from submesoscale SSH is also in close agree-

ment with that derived from steric height (Fig. 2h—i). Combining Eq. 12 with Eq. 9, we
obtain that

9V hsubmeso ~ WZ <H> (13)

This relation will be used later to reconstruct the evolution of MLD and estimate ML-
averaged vertical heat flux from ocean surface states.

4 Estimating mixed layer depth from submesoscale SSH

Building on the results of the previous section, we derive a theoretical framework
for reconstructing MLD using surface variables.

4.1 Volume-averaged potential energy budget

Inspired by previous studies (Eq. 14 of Thompson et al. (2016); Eq. 3 of Johnson
et al. (2020); Eq. 5 of Fox-Kemper et al. (2008)), we consider a volume-averaged poten-
tial energy (PE) budget for the surface ML. We decompose the change of ML potential
energy into four contributions: (i) net surface buoyancy flux By, (ii) Ekman buoyancy
flux Bgg, (iii) frontal slumping by eddy buoyancy flux Beddy, and (iv) a residual term,
including the effects of horizontal advection through the lateral boundaries, turbulent
mixing at the ML base, vertical advection by internal gravity waves, frontogenesis and
frontolysis, etc.

)
aPE = (By + Bgxk + Beady ) + Residual™. (14)

Following Sec. 3 of Fox-Kemper et al. (2008) and applying Eq. 5,

PE = (<5) x (H)(05°) ~ 2L ), (15)

Therefore, the volume-averaged PE budget in Eq. 14 can be expressed as a budget for
the MLD:
O(H)

ot
which resembles the ML model presented in Johnson et al. (2023) (their Eqs. A1-A2)

and Kraus and Turner (1967), but includes an additional term representing the effects
of ML eddies.

- $<BO + Bgi + Beady) + Residual, (16)



23 4.2 Net surface buoyancy flux

204 Following Marshall and Schott (1999), the net surface buoyancy flux can be writ-
25 ten in terms of the net heat and freshwater fluxes:
BO = _ﬂQheat - Mereshv (]-7)
poChp Po
226 where C), = 3995 J/kg/K is the specific heat capacity, So = 35.2psu is the reference
227 surface salinity, Qneat is the net surface heat flux (Fig. S4b), and Qfesh is the net sur-
228 face freshwater flux (Fig. S4c). Here, positive By (surface buoyancy loss) corresponds
209 to an increase in the volume-averaged PE or a deepening of the MLD, typically associ-
230 ated with surface cooling (Qneat < 0). Consistent with observations in the Icelandic Basin
231 (Johnson et al., 2020), the surface buoyancy flux in the LLC4320 in this region is pri-
232 marily controlled by the surface heat flux, while the effect of the surface freshwater flux

233 is negligible (Fig. S4).

234 4.3 Ekman buoyancy flux

235 Wind stress can generate or destruct ML stratification (Fig. 1 of Thomas and Fer-
236 rari (2008)) by the Ekman buoyancy flux, which can be estimated as the product of the
237 Ekman transport and the surface horizontal buoyancy gradient (V;b*) (e.g., Thomas et

238 al. (2013); Thompson et al. (2016))

_TXz s

Bgk = P Vb (18)
230 where z is the upward unit vector, 7 = (7%, 7¥) is the wind stress, and b° denotes sur-
240 face buoyancy. In Eq. 18, using the depth-averaged horizontal buoyancy gradient over
o the ML, rather than the surface buoyancy gradient, yields qualitatively similar results
242 (Text S4)
213 The contribution of the wind to the changes in the ML stratification can be either
204 positive or negative, depending on the relative orientation of the surface winds and sub-
245 mesoscale fronts in the ocean (Thomas & Lee, 2005; Thomas & Ferrari, 2008). Glider
246 observations suggest that the magnitude of the Ekman buoyancy flux is generally smaller
247 than, but still comparable to, the eddy-induced buoyancy flux (e.g., Fig. 11b of Thompson
248 et al. (2016)). We will show later that when averaged over a broad region containing many
249 fronts with varying orientation relative to the winds, the mean Ekman buoyancy flux largely
250 cancels out and becomes much weaker than the net surface buoyancy flux and the eddy
251 buoyancy flux. The resulting domain-mean contribution by Ekman buoyancy flux is pos-
25 itive, indicating that on overage, wind stress tends to deepen the ML. Note that, because
253 the model cannot represent coupled air—sea dynamics, the Ekman buoyancy flux might
254 be underestimated owing to the lack of nonlinear air—sea interactions, although current

255 feedback may act to reduce the magnitude of Ekman buoyancy flux (Wenegrat, 2023).

256 4.4 Eddy vertical buoyancy flux
257 On average, submesoscale eddies act to re-stratify the ML. This effect is represented
258 by a depth-averaged ML eddy vertical buoyancy flux. Following Uchida et al. (2022), we
250 diagnose the eddy-induced vertical buoyancy flux as
R e ————

Beaay = —w't = —(w—w)(b—10) , (19)
260 where ~ denotes a 30-km lateral Gaussian filter. This filter scale needs to be larger than
261 the most unstable wavelength of ML instability, as energy injection in the mixed layer
262 occurs at larger scales (Z. Zhang et al., 2025), resulting from ML instability, transitional-
263 layer instability, or mesoscale eddies (Text S5).



264 The change in ML potential energy due to submesoscale eddies can be parameter-
265 ized as (Eq. 5 of Fox-Kemper et al. (2008); Egs. 2—4 of Fox-Kemper and Ferrari (2008))

Cep(2)

(—w't) ~ — 7] (H)*(Vib™)? (20)
266 where C, = 0.06 is the recommended coefficient value, and p(z) is a vertical structure
267 function that peaks in the interior of the ML and decreases to zero at both the ocean
268 surface and the base of the ML (Eq. 21 of Fox-Kemper et al. (2008)). To represent the
269 eddy buoyancy flux averaged over the ML, we compute the ML average of the vertical
270 structure function,
: 1 =0 22 2 5 2z 2 44
= == 1= (G 1) |1+ o (1) fas = o 21
po = pu(z) HZH[ 7+ H+21H+ 2= (21)
2n Taking the ML vertical average of Eq. 20 and Substituting Eq. 9 ((H)Vhbz ~ gV pMsteric)
272 into the resulting expression gives
Celiog? 2 Ceping? 2
<Beddy> ~ < - Hog |thsteric’ > ~ < - Fog |vhnsubmeso| > (22)
£ £
o3 Note that this term is always negative, indicating that eddies always act to decrease the
274 volume-averaged ML potential energy, or equivalently, to shoal the ML.
215 4.5 Governing equation for mixed layer depth
276 By substituting Eqs. 17,18, 22 into Eq. 16, we obtain an equation for the evolu-
277 tion of MLD:
0 Cepiog? .
—(H) ~ ﬂ<BO + Bgx — Fog |thsteric|2> + Residual
ot 9Ap | ]
p Cepog® (23)
~ L (Bo + B — — 0% [Vatubmeso | ) + Residual
gAp I/l
218 When the residual term is small, this equation allows us to infer the MLD given surface
279 heat flux, wind stress, and SSH anomaly.
280 The contribution of each term to the change in the domain-averaged MLD is shown
281 in Fig. 3(a). A positive tendency (black, 0;(H)) indicates ML deepening, whereas a neg-
282 ative tendency indicates ML shoaling. Strong surface cooling acts to deepen the ML from
283 November to March. Surface wind forcing contributes to ML deepening throughout the
284 year, but its effect is much weaker than that of surface cooling. The diagnosed eddy-induced
25 vertical buoyancy flux (VBF) is shown in purple, and the parameterized eddy fluxes by
286 submesoscale SSH and steric height are shown in green and brown, respectively. Con-

287 sistent with Eq. 22, the eddy-related terms are always negative, indicating that the ML
288 eddies always act to shoal the ML.

289 The light pink curve represents the difference between the total tendency and the
290 terms associated with surface forcing (labeled as the “horizontal” term). It represents
201 the effects of horizontal eddy restratification and other processes, such as lateral advec-
200 tion through the domain boundaries. When the eddy-related terms (purple, green, and
203 brown) align with the pink curve, the residual term is small, indicating that the theo-
204 retical framework performs well. However, during summer, despite strong surface heat-
205 ing and very weak eddy restratification, the MLD remains shallow and nearly constant.
206 This suggests that other processes, such as turbulent mixing and entrainment, may con-
207 tribute to balance the surface heating. Because our theory is designed for periods when
208 ML eddies are pronounced, we leave a detailed analysis of the summertime MLD bud-
209 get to future work.
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Figure 3. (a) MLD tendency, with thin semi-transparent lines representing daily values and
thick lines showing weekly rolling means. (b) Domain-averaged MLD diagnosed from the model
compared with the reconstructed MLD derived from ML steric height and submesoscale SSH.
The pink dotted line indicates the initialization date (January 12th, 2012), at which the recon-
structed MLD is matched to the diagnosed MLD. From this point, the theory-predicted MLD
tendency is integrated both forward and backward in time. (c¢) Timeseries of daily-averaged

model-diagnosed and theoretically reconstructed eddy-induced vertical heat flux.
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Fig. 3 (a) shows that, from January to May, variations in the MLD are primarily
controlled by the competition between surface forcing and ML eddy restratification. This
balance allows us to reconstruct the MLD during this period by integrating Eq. 23 for-
ward and backward in time, from a selected initialization date. Fig. 3 (b) shows the re-
constructed MLD with an initialization date of Jan 12th, 2012. This initialization data
is selected because the horizontal and vertical Turner angles begin to agree well (Fig. 1b),
indicating that eddy activity becomes important in the MLD budget. Although errors
accumulate with time, the difference between the reconstructed and diagnosed MLD re-
mains within 8% (or < 50m, relative to the MLD exceeding 600 m) for most of the pe-
riod from January through the end of March.

Frontogenesis and frontolysis can also influence the MLD. Scaling analysis in Thomas
and Ferrari (2008) (their Eq. 21) suggests that, typically, the influence of frontogenesis
on the stratification of the surface ML can be on the same order of magnitude as wind
forcing. However, we find that the Ekman buoyancy flux is much smaller than the sur-
face heat flux and eddy buoyancy flux (Fig. 3a), and the contribution of frontogenesis
or frontolysis in LL.C4320 is also expected to be small due to insufficient resolution and
the lack of coupled air—sea dynamics.

5 Estimating vertical heat flux from submesoscale SSH

The effects of ML eddies can be represented by an overturning circulation that acts
to flatten sloping density surfaces, restratifying the ML (Fox-Kemper et al., 2008). This
circulation transports warm water upward and cold water downward, producing an eddy-
induced vertical heat flux (VHF).

In this section, we modify the submesoscale VHF parameterization using the sur-
face density ratio and submesoscale SSH. This approach has potential observational ap-
plications: given satellite-observed surface temperature and salinity, together with sub-
mesoscale SSH from SWOT, the VHF could be estimated.

We diagnose the submesoscale eddy-induced VHF following the same approach as
for the vertical buoyancy flux (Eq. 19),

=z

VHFdiagnosed = pOprlng = Pocp(w - QI))(Q - 0) (24)

To parameterize the VHF using only surface variables, we use a buoyancy ratio r
to quantify the relative contributions of temperature and salinity to buoyancy, relating
the magnitude of the cross-isopycnal temperature gradient to the buoyancy gradient as

Onb
O =r—. (25)
ag
Assuming a linear equation of state 9,b = g(ad,0 — $9,S), the buoyancy ratio can

be written as r = R/(R — 1), where R = a0,0/£0,5 is the traditionally defined den-
sity ratio (Johnson et al., 2020). Both r and R are physically analogous to the horizon-
tal Turner angle (Eq. 3). We use the buoyancy ratio here because it is easier to inter-
pret physically.

Following Egs. 2-3 of Fox-Kemper and Ferrari (2008), the overturning streamfunc-
tion induced by ML eddies is given by

Cep(2)
/]

Below, we compute the submesoscale eddy-induced vertical heat flux using the similar
framework as previous studies (e.g., Egs. 4-5 of Spungin et al. (2025); Eq. 5 of Biddle

v =

H?0,b". (26)
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and Swart (2020)), and set the vertical structure function p(z) = po = 44/63 to rep-
resent its mean value throughout the ML (Eq. 21). We additionally substitute the hor-
izontal temperature gradient with the expression given in Eq. 25. The vertical heat flux

is

—z C Ce —2z
VHF g = poC,00,0° = W}ﬂ&lb 9,0
C,C. —
= Pl 2 b v O,

agl f|
. PoCpClepio

aglf]

z

(27)

2|0 [P

Note that, in the equation above, we assume that the buoyancy ratio r remains ap-
proximately constant with depth throughout the ML and can therefore be represented
by its surface value 7°. In addition, we have replaced the squared horizontal cross-isopycnal
buoyancy gradient (|9,,b|%) with the squared magnitude of the horizontal buoyancy gra-
dient (|Vb|?), as they are identical:

Vip Vip g g
. - (=2LV = 21|V = —|Vpb|. 28
Tupl V0= gl g Vi) = o [Vael = |V (28)

Opb =

Finally, we substitute the horizontal buoyancy gradient Vb by observable sub-
mesoscale SSH gradient (V;,7submeso) O the ML steric height gradient (Vp,7steric), us-
ing Eq 9 (<H>vhb ~ gvhnsteric) and Eq 12 (vhnsubmeso ~ vhnsteric):

C,C. s
<VHFMLE> ~ WOvh%teme >
~ pPoCpCepiog

alf|

2 (29)
< |Vh77$ubmcso | Ts >a

As the magnitude of the thermal expansion coefficient o depends on temperature,
it shows strong seasonal variability (Fig. S6a). We choose an annual-mean value of o =
1.60 x 10~4°C~!. While different choices of o modify the magnitude of the theoreti-
cal prediction, the results shown in Fig. 3(c) remain robust (Fig. S7).

In principle, Egs. 27-29 are applicable only in regions and seasons where the hor-
izontal and vertical Turner angles show good agreement. This requirement arises because
a close alignment between Tu, and Tuy, is necessary for using the surface buoyancy ra-
tio r° as a proxy for the mean buoyancy ratio throughout the ML (Egs. 25, 27). Nev-
ertheless, the theory performs well throughout the year (Fig. 3c), likely because the sum-
mertime eddy VBF is too small to produce noticeable errors. Note that temperature—
salinity compensation (Spiro Jaeger & Mahadevan, 2018) does not affect our results, as
it is implicitly included in the buoyancy ratio 7.

6 Conclusion and discussions

In this study, we proposed a theoretical framework to estimate vertical buoyancy
and heat fluxes, as well as to reconstruct the evolution of MLD from the sea surface state.
The gradient magnitude and Laplacian of the ML steric height closely match the spa-
tially filtered SSH anomaly, revealing clear surface imprints of the mixed layer eddies and
fronts. This enables us to parameterize the ML eddy-induced vertical buoyancy and heat
fluxes using submesoscale SSH. Based on the parameterized eddy buoyancy flux, we de-
veloped a theory to reconstruct changes in the MLD from surface variables. The theo-
retical reconstruction of the MLD agree well with model diagnostics during periods with
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pronounced submesoscale activity. Despite being conducted in different regions and sea-
sons, our estimates of submesoscale vertical fluxes agree well with recent airborne ob-
servations by Torres et al. (2025), which show that submesoscale processes contribute
more than 80% of the vertical heat flux, with values reaching 227 W/m?. Our vertical
heat flux estimates also agrees quantitatively with those of Su et al. (2018).

Although the theory performs well, several caveats highlight avenues for further
research. Our theory builds on the parameterization of Fox-Kemper et al. (2008), which
does not account for the effects of wind (Mahadevan et al., 2010) or boundary layer tur-
bulence (Bodner et al., 2023) on submesoscale fronts. Because the model lacks coupled
air—sea dynamics, the Ekman buoyancy flux may be underestimated in this study. In ad-
dition, vertical mixing in LL.C4320 is parameterized using the K-Profile Parameteriza-
tion (Large et al., 1994), which can contribute to anomalously deep mixed layers in re-
gions of strong open-ocean convection (Sohail et al., 2020), such as the Icelandic Basin
(Text S6, Fig. S8). Moreover, the MLD budget does not include horizontal advection through
lateral boundaries and turbulent mixing at the base of the ML, which may play impor-
tant roles in regions with strong boundary currents and wave breaking. Notably, hor-
izontal advection could potentially be incorporated into this framework by estimating
it from the SSH gradient under the assumption of geostrophic balance.

Our method provides a framework for diagnosing subsurface dynamics from sur-
face observations, providing a physically-grounded approach complimentary to the machine-
learning-based inference from SWOT SSH anomalies proposed by Champenois et al. (2026).
Given satellite observations of SSH, surface temperature, salinity, and surface heat flux,
this approach permits an estimate of ML-averaged vertical heat flux and the tendency
of the MLD. Using MLD observations from in-situ measurements such as Argo floats as
initial conditions, the MLD can be reconstructed over several months at resolutions higher
than the standard gridded products. It should be noted that our theory is applicable only
during seasons with pronounced ML eddy activity. In addition, the theory is intended
for horizontally averaged quantities; applying it at individual points can lead to devi-
ations. The present analysis focuses on springtime restratification, and future work will
be needed to evaluate the theory across different forcing regimes.
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Text S1. Mixed-layer steric height

In the main manuscript, we define the mixed-layer steric height as the in situ density
anomaly integrated vertically from the domain-averaged mixed-layer base, —(H), to the
sea surface (Eq. 7). The discrepancies between the mixed-layer steric height and sub-
mesoscale SSH shown in Fig. 2b—c result from this definition, as the mixed layer depth
varies substantially within the selected domain.

If instead the integration is performed from the local mixed layer depth, H(z,y,t), i.e.,

1 0
. /
Nsteric = _% Pin situdz?
—-H

in Eq. 9, the Leibniz integral rule must be applied when computing the horizontal gradient

of Nsteric t0 account for spatial variations in the mixed layer depth:

Vi H.

z=—H

1 0 / 1 /
Vhnsteric = - vhpinsitudz — ~ Pinsitu
Po J—H Po

The last term may complicate the mixed-layer eddy parameterizations based on steric
height and submesoscale SSH, although it is likely small because Vjnsteric in the equation
above is primarily controlled by local horizontal density gradients rather than by large-

scale variations in the mixed layer depth.

Text S2. Seasonality of the most unstable mixed layer instability wavelength
In the Icelandic Basin, the wavelength of the most unstable mixed-layer instability mode
Avpi peaks in winter and early spring, and reaches its seasonal minimum during summer

(Fig. S2a). This seasonal cycle can be understood as follows:
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Given the definition of the mixed layer depth in Eq. 5 of the main text (W’Z =

gAp/(poH)), Ari can be approximated as

AMLI \/1+Rz

2T N hm, z\ —1
- el N2f2 ][V, b?
Nl V/ f /| nb| )

~ 2T \/WZHMMSP H?
V/5/2f f
—2Z
_ o \/gApH_i_\Vhl;] e
VO/2fV po f

indicating that it is largely controlled by the mixed layer depth H (Fig. S2).

Text S3. Sensitivity of submesoscale SSH to filter size

In the main manuscript we adopt a time-dependent filter for submesoscale SSH (Eq. 11)
to account for the seasonal variability in eddy size. Here, we test the sensitivity of sub-
mesoscale SSH to the choice of filter size. We reproduce Figs. 2(j), 3(b), and 3(c) of the
main manuscript using a constant Gaussian filter instead of the time-varying filter, with
the filter size (Gaussian full width at half maximum) set to 17 km.

From January to late March, when the horizontal and vertical Turner angles agree
well, the theory reliably reconstructs the mixed layer depth and vertical heat flux with
a constant filter (Fig. S3). This suggests that during periods with strong submesoscale
activity, the method is relatively insensitive to the choice of filter.

From April to September, the constant filter size exceeds the most unstable mixed
layer instability wavelength. As a result, the gradient magnitude of submesoscale SSH

is overestimated (Fig. S3a), leading to overestimation of the eddy-induced vertical heat

February 28, 2026, 5:23pm



42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

X-4
flux (Fig. S3c) and excessively rapid shoaling of the reconstructed mixed layer depth

(Fig. S3b).

Text S4. Ekman buoyancy flux

In principle, the horizontal buoyancy gradient averaged over the Ekman layer should
be used to estimate the Ekman buoyancy flux. However, because the Ekman layer depth
cannot be diagnosed without the knowledge of the vertical eddy viscosity in the K-profile
parameterization (KPP), we instead use the surface buoyancy gradient as an approxima-
tion in Section 4.3 of the main manuscript. This approximation has been widely used in

previous studies (e.g., Zheng et al., 2025; Wenegrat, 2023).

Text S5. Eddy-induced vertical buoyancy flux
In Section 4.4 of the main manuscript, we define the eddy-induced vertical buoyancy

flux (VBF) as

Beaay = —w'l - = —(w—w)(b—10) . (1)

Here, we used a Gaussian filter with a standard deviation of 30 km, which is larger than
the filter applied to the submesoscale SSH. We find that the selected filter scales provide
the best agreement with eddy baroclinic instabilities.

Zhang et al. (2025) show that in LLC4320, energy injection in the mixed layer occurs
at scales larger than Ay, the most unstable wavelength of mixed-layer instability (their
Figs. 4-5), arising from mixed-layer instability, transitional-layer instability, or mesoscale
eddies. This is consistent with our finding that the filter scale needs to be slightly larger

for the eddy buoyancy flux to account for these additional affects.
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Increasing the filter scale incorporates contributions from mesoscale processes, with
mesoscale eddies (horizontal scales ranging from 30 km to 60 km) contributing about 13%
of the total vertical buoyancy flux (Fig. S5), while scales smaller than 30 km contributing
about 87%. This agrees with the airborne observations by Torres et al. (2025), which
show that submesoscale processes contribute more than 80% of the vertical heat flux.
Additionally, although the Gaussian filter does not preserve the Reynolds decomposition
required for exact buoyancy budget closure, it is adequate for this leading-order analysis,
and replacing it with a box filter (horizontal coarse graining) that preserves the Reynolds

decomposition yields very similar results.

Text S6. KPP boundary layer depth

In LLC4320, the boundary layer depth in the K-Profile Parameterization (KPP) is de-
fined as the shallowest depth at which the Richardson number reaches a critical threshold
of Ri. = 0.3559. The deep KPP boundary layer observed during winter appears to be
associated with open-ocean convection driven by strong surface cooling. Large spikes in
the KPP boundary layer depth (Fig. S8a) are likely associated with abrupt changes in
surface wind stress (Fig. S8b).

The mismatch between the KPP boundary layer depth and the mixed layer depth
(pink shading in Fig. S8a) during spring may indicate the presence of springtime eddy

restratification, coinciding with the period of good Turner angle agreement (Fig. 1b).
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Figure S1. Sensitivity of mixed layer depth to the reference depth. Time series of the daily-
and domain-averaged mixed layer depth, (H) (a), and its time derivative, 0;(H) (b). The red
curves show the mixed layer depth defined relative to a 10-m reference depth, while the blue

curves show the mixed layer depth defined relative to the ocean surface.
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Figure S2. Time series of the domain-averaged (a) wavelength of the most unstable mixed-
layer instability mode (blue) and surface-referenced mixed layer depth (yellow), (b) mixed-layer

averaged horizontal buoyancy gradient, and (c) mixed-layer averaged vertical buoyancy gradient.
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mixed-layer instability wavelength. The submesoscale SSH is computed with a fixed filter size
of 17 km. (a) Time series of the gradient magnitude of submesoscale SSH computed with the
constant filter (green) and steric height (brown). (b) Reconstructed mixed-layer depth. (c)
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Figure S6. Surface thermal expansion coefficient (a) and haline contraction coefficient (b),

averaged daily and over the domain. The dashed lines denote the mean values.
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Figure S8.  Time series of (a) KPP boundary layer depth compared with the mixed layer

depth, and (b) wind stress magnitude, each averaged daily over the domain.
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